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THE UNIVERSAL FUNCTORIAL EQUIVARIANT
LEFSCHETZ INVARIANT
JULIA WEBER
Abstract. We introduce the universal functorial equivariant Lefschetz
invariant for endomorphisms of finite proper G-CW-complexes, where
G is a discrete group. We use K0 of the category of “φ-endomorphisms
of finitely generated free RΠ(G,X)-modules”. We derive results about
fixed points of equivariant endomorphisms of cocompact proper smooth
G-manifolds.
Introduction
The Lefschetz number is a classical invariant of algebraic topology. Nu-
merous generalizations have been studied, for example the generalized Lef-
schetz invariant [Rei36, Wec41] and the Lefschetz zeta function [FH94, GN94].
An invariant which maps to all of these generalizations and still has the
characteristic properties of the Lefschetz number, namely homotopy invari-
ance and additivity, has been constructed by Lu¨ck [Lu¨c99]. He defines a
universal functorial Lefschetz invariant (U, u) for endomorphisms of finite
CW-complexes. Here, U is a functor which assigns an abelian group U(X, f)
to each endomorphism f : X → X. The function u assigns an element
u(X, f) ∈ U(X, f) to the endomorphism f .
The aim of this article is to generalize this construction to the equivariant
setting. On the one hand, this is interesting because it gives finer invariants.
If there is a G-action on a space, this extra information is taken into account
in the construction of the invariant. On the other hand, this generalization
enlarges the scope of the invariant. If we have an infinite discrete group G
acting properly on a finite G-CW-complex X, the space X seen as a CW-
complex is infinite. This situation cannot be treated by the classical theory,
but the equivariant version can be applied.
For compact Lie groups G, there are equivariant versions of the gener-
alized Lefschetz invariant and related constructions [MP02, Won91]. For
discrete groups G, equivariant Lefschetz numbers have been defined [LL89,
LR03], but none of the generalizations have been studied. We define an equi-
variant version of the universal invariant, which entails equivariant versions
of all intermediate generalizations of the Lefschetz number.
We deal with discrete groups G and finite proper G-CW-complexes X.
To an equivariant endomorphism f : X → X, we associate an abelian group
UG(X, f) and an element uG(X, f) ∈ UG(X, f). The pair (UG, uG) is a
functorial equivariant Lefschetz invariant, i.e., it is additive, G-homotopy
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invariant and compatible with the induction structure in G. We show that
it has a universal initial property:
Theorem 0.1. The pair (UG, uG) is the universal functorial equivariant
Lefschetz invariant for equivariant endomorphisms of finite proper G-CW-
complexes, for discrete groups G.
The invariant (UG, uG) contains much information, and the abelian group
UG(X, f) can be quite large. We show that UG(X, f) has a direct sum
decomposition into summands corresponding to the fixed point sets XH , for
subgroups H ≤ G. This not only gives structural insight, but is also helpful
for concrete calculations. The information contained in uG(f) splits up into
the information given by the restrictions of f to the pairs (XH ,X>H), where
X>H is the subset of XH of points with larger isotropy group than H.
The decomposition is obtained from aK-theoretic splitting theorem, The-
orem 4.6. This splitting theorem is valid for all K-groups, not only for K0.
A more general version for endomorphisms categories of modules over cate-
gories can be formulated and applied to the study of K-theory of endomor-
phism categories of modules over group rings.
The study of Lefschetz invariants was motivated by interest in fixed
points. As an application of our general constructions, we therefore de-
rive an invariant from (UG, uG) extracting information about fixed points,
the generalized equivariant Lefschetz invariant (ΛG, λG). A trace map trG
which maps (UG, uG) to (ΛG, λG) is constructed. The use of generalized
traces in equivariant fixed point theory already appears in [Mar77], in the
context of equivariant K-theory.
We prove the refined equivariant Lefschetz fixed point theorem, which
shows that the generalized equivariant Lefschetz invariant λG(f) is equal
to the sum of all fixed point contributions. Here, the fixed point data is
collected in the generalized local equivariant Lefschetz class λlocG (f).
Theorem 0.2. Let G be a discrete group, let M be a cocompact proper
smooth G-manifold and let f : M → M be a G-equivariant endomorphism
such that Fix(f) ∩ ∂M = ∅ and such that for every x ∈ Fix(f) the determi-
nant of the map (idTxM −Txf) is different from zero. Then
λG(f) = λ
loc
G (f).
There are further applications to the study of fixed points of equivariant
endomorphisms of cocompact proper smooth G-manifolds.
Based on the generalized equivariant Lefschetz invariant λG(f), we can
introduce equivariant Nielsen invariants. These give lower bounds for the
number of fixed point orbits in the G-homotopy class of f . Under mild
hypotheses, these bounds are sharp. These results generalize results of
Wong [Won93] to all discrete groups G.
In the same vein, we can define G-Jiang spaces and prove a converse to
the equivariant Lefschetz fixed point theorem. In particular, under mild
hypotheses, a G-equivariant endomorphism f is G-homotopic to a fixed
point free G-map if the generalized equivariant Lefschetz invariant λG(f) is
zero.
These applications go beyond the scope of this present article, but they
illustrate the interest of the invariants constructed here.
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This paper is organized as follows:
1. The Algebraic Approach
2. The Geometric Approach
3. Universality
4. Splitting Results
5. The Generalized Equivariant Lefschetz Invariant
6. The Refined Equivariant Lefschetz Fixed Point Theorem
1. The Algebraic Approach
We start with purely algebraic considerations. Given a commutative ring
R, we define an abelian group U(R,Γ, φ) for any EI-category Γ with en-
dofunctor φ. We proceed to show functoriality of this group in (Γ, φ) and
analyze its additive properties.
For us, the most important example of an EI-category is the fundamental
category Π(G,X) of a topological space X with an action of a discrete group
G [Lu¨c89, Definition 8.15].
Definition 1.1. An EI-category is a small category Γ such that any en-
domorphism in Γ is an isomorphism. An RΓ-module is a contravariant
functor M : Γ → R-Mod. Given an endofunctor φ : Γ → Γ, we define
a φ-endomorphism of an RΓ-module M to be a natural transformation
g : M →M ◦ φ.
We assemble all φ-endomorphisms of finite free RΓ-modules in the cat-
egory φ-endffRΓ. Morphisms from g : M → M ◦ φ to h : N → N ◦ φ are
natural transformations τ : M → N such that hτ = (φ∗τ)g. This is an exact
category whose isomorphism classes of objects form a set.
Definition 1.2. We define U(R,Γ, φ) := K0(φ-endffRΓ).
Let H : Γ1 → Γ2 be a covariant functor of EI-categories with endofunc-
tors φ and ψ such that ψH = Hφ. We extend the covariant functor “in-
duction with H” [Lu¨c89, Definition 9.15], defined on RΓ1-modules, to φ-
endomorphisms.
Induction indH and restriction resH are adjoint functors [Lu¨c89, 9.22], so
there are natural transformations η : Id → resH indH and ε : indH resH →
Id. We define H∗ : φ-endffRΓ1 → ψ-endffRΓ2 on objects of φ-endffRΓ1 to
be the composition εresψ indH ◦ indH resφ(η) ◦ indH . By the triangular iden-
tities [Mac71, Theorem IV.1.1] we have H∗(g) = indH(g) if φ = Id and
ψ = Id. We define H∗ on morphisms τ by setting H∗(τ) := indH(τ). The
functor H∗ is exact and thus induces a group homomorphism U(R,H) :=
K0(H∗) : U(R,Γ1, φ)→ U(R,Γ2, ψ).
If we have another covariant functor K : Γ2 → Γ3 to a category Γ3 with
endofunctor ϑ such that ϑK = Kψ, we observe that H∗G∗ = (HG)∗. We
know even more.
Proposition 1.3. If H : Γ1
∼
−→ Γ2 is an equivalence of categories with en-
dofunctors φ and ψ such that ψH = Hφ, then the natural transformation
H∗ : φ-endffRΓ1 → ψ-endffRΓ2 is also an equivalence of categories.
Proof. We use resH to define a functor H
∗ : ψ-endffRΓ2 → φ-endffRΓ1 by
setting H∗(g) := resH g on objects and H
∗(τ) := resH τ on morphisms.
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This is well-defined since H is an equivalence of categories. We now use
the triangular identities to show that the adjunction morphisms between
indH and resH induce natural equivalences η : Id→ H
∗H∗ and ε : H∗H
∗ →
Id. 
We obtain a universal additive invariant for the objects of φ-endffRΓ by
taking their representatives in U(R,Γ, φ).
Definition 1.4. An additive invariant for the category φ-endffRΓ-ch of φ-
endomorphisms of finite free RΓ-chain complexes is a pair (A, a), where A
is an abelian group and a : Ob(φ-endffRΓ-ch)→ A, (g : C → C ◦φ) 7→ a(g) is
a function, satisfying the following properties:
(1) Additivity
For a short exact sequence 0 → f → g → h → 0, given by a
commutative diagram with exact rows
0 // C //
f

D //
g

E //
h

0
0 // C ◦ φ // D ◦ φ // E ◦ φ // 0
where C, D and E are finite free RΓ-chain complexes, we have
a(f)− a(g) + a(h) = 0.
(2) Homotopy invariance
Let f, g : C → C ◦ φ be RΓ-chain maps of finite free RΓ-chain
complexes. If f and g are RΓ-chain-homotopic (i.e., there is an
h : C → C ◦ φ of degree +1 such that dh + hd = f − g), then
a(f) = a(g).
(3) Elementary chain complexes
For a finite free RΓ-module F and n ≥ 1 we have
a
(
0: el(F, n)→ el(F, n) ◦ φ
)
= 0,
where el(F, n) denotes the elementary chain complex concentrated
in dimensions n and n− 1 and having n-th differential Id: F → F .
Definition 1.5. An additive invariant (U, u) for φ-endffRΓ-ch is called uni-
versal if and only if for all additive invariants (A, a) for the category φ-endffRΓ-ch
there is exactly one group homomorphism ξ : U → A such that ξ(u(g)) =
a(g) for all g ∈ φ-endffRΓ-ch.
A finite free chain complex of φ-endomorphisms maps into U(R,Γ, φ) by
u : {· · · → gn → gn−1 → · · · } 7→
∑
n∈Z(−1)
n[gn] ∈ U(R,Γ, φ).
Theorem 1.6. The pair
(
U(R,Γ, φ), u
)
is the universal additive invariant
for φ-endffRΓ-ch.
Proof. Properties 1 and 3 are clear. In the proof of property 2, we proceed
analogously to Lu¨ck [Lu¨c99, Theorem 1.4], using the mapping cone and the
suspension of C. If h : C → C ◦ φ is an RΓ-chain homotopy from f to g,
we obtain an exact sequence 0 → f → k → Σg → 0, where k : cone(C) →
cone(C) is given by kn :=
(
gn−1 0
hn−1 fn
)
. Additivity yields u(f) − u(g) =
u(f) + u(Σg) = u(k). The RΓ-chain complex cone(C) is contractible. We
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finally show that for contractible C and for any f : C → C ◦ φ we have
u(f : C → C ◦ φ) = 0 ∈ U(R,Γ, φ). 
From the above proof, we can also conclude the following lemma.
Lemma 1.7. Let f : C → C◦φ and g : D → D◦φ be φ-endomorphisms of fi-
nite free RΓ-chain complexes. If h : C → D is a chain homotopy equivalence
such that gh = (φ∗h)f , then u(f) = u(g) in U(R,Γ, φ).
Proof. We have a short exact sequence 0 → g → k → Σf → 0, where
kn =
(
−fn−1 0
hn−1 gn
)
. We know that cone(h) is contractible if and only if
h is a chain homotopy equivalence. So u(k) = 0 ∈ U(R,Γ, φ), whence
u(g) = u(f). 
IfR is a commutative ring which is not the zero ring, a finite freeR-module
has a well-defined rank. One sees that the invariant
(
U(R,Γ, φ), u
)
incorpo-
rates the Euler characteristic. For a finite free RΓ-chain complex C, the Eu-
ler characteristic is defined to be ξ(C) := rkRΓ([D]) =
∑
n∈Z(−1)
n rk([Cn]) ∈
U(Γ) :=
⊕
Is Γ Z [Lu¨c89, Chapter 10]. There is a natural transformation
s : U(Γ)→ U(R,Γ, φ) mapping an element of U(Γ) to the class of the 0-map
on the corresponding free module. We have s(χ(C)) = u(0: C → C ◦ φ).
Lemma 1.8. Let v : C → D and f : C → C ◦ φ be RΓ-chain maps, where
C and D are finite free RΓ-chain complexes. Then
u(f ◦ v) + s
(
χ(D)
)
= u(φ∗v ◦ f) + s
(
χ(C)
)
.
Proof. We have
(
1 φ∗v
0 1
)(
0 0
f f ◦ v
)
=
(
φ∗v ◦ f 0
f 0
)(
1 v
0 1
)
. Since the
matrices with 1 on the diagonal are isomorphisms, we obtain from additivity
u
((
0 0
f f ◦ v
))
= u
((
φ∗v ◦ f 0
f 0
))
. Again from additivity we derive
u(f ◦ v) + u(0: D → φ∗D) = u
((
0 0
f f ◦ v
))
u(φ∗v ◦ f) + u(0: C → φ∗C) = u
((
φ∗v ◦ f 0
f 0
))
. 
2. The Geometric Approach
Let G be a discrete group. Let G-CWfp be the category of finite proper
G-CW-complexes. Let End(G-CWfp) be the category of G-equivariant en-
domorphisms of finite proper G-CW-complexes.
Given a commutative ring R, a finite proper G-CW-complex X and a
G-equivariant cellular endomorphism f : X → X, we want to introduce
an abelian group URG (X, f) and an invariant u
R
G(X, f) ∈ U
R
G (X, f). (The
assumption that f : X → X is cellular can finally be dropped because of
homotopy invariance.)
In the non-equivariant case [Lu¨c99], the construction uses the universal
covering space X˜ of the CW-complex X. Choosing a basepoint x, the funda-
mental group π1(X,x) acts on X˜. One can lift f : X → X to a φ-equivariant
map f˜ : X˜ → X˜, where φ := cw ◦ π1(f, x) : π1(X,x)→ π1(X,x) for a chosen
path w from f(x) to x. We generalize this non-equivariant construction to
G-CW-complexes.
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The natural generalization of the fundamental group is the fundamen-
tal category Π(G,X) [Lu¨c89, Definition 8.15]. Objects in the fundamental
category Π(G,X) are G-maps x : G/H → X for H ≤ G, morphisms are
pairs (σ, [w]) : x(H) → y(K) consisting of a G-map σ : G/H → G/K and a
homotopy class [w] relative G/H × ∂I of G-maps w : G/H × I → X with
w1 = x and w0 = y ◦σ. This construction is functorial in X (by composition
of maps), in particular the G-equivariant endomorphism f : X → X induces
an endofunctor φ := Π(G, f) : Π(G,X) → Π(G,X).
There is the contravariant universal covering functor X˜ : Π(G,X) → CW
at hand [Lu¨c89, Definition 8.22, Proposition 8.33], generalizing the uni-
versal covering space. It maps x ∈ Π(G,X) to X˜H(x) and (σ, [w]) ∈
Mor(x(H), y(K)) to the map X˜K(y) → X˜H(x) induced by composition of
morphisms. HereXH(x) denotes the connected component of the fixed point
set XH containing the point x(1H), for an object x : G/H → X of Π(G,X).
Composing the universal covering functor X˜ with the cellular chain complex
functor Cc : CW → R-Ch one obtains the cellular RΠ(G,X)-chain complex
Cc(X˜) as a contravariant functor Cc◦X˜ : Π(G,X)
X˜
−→ CW
Cc
−−→ R-Ch [Lu¨c89,
Definition 8.37]. The functor Cc ◦ X˜ is a finite free RΠ(G,X)-chain com-
plex [Lu¨c89, 9.18]. The map f : X → X induces a φ-endomorphism Cc(f˜)
of the cellular RΠ(G,X)-chain complex Cc ◦ X˜.
Definition 2.1. We set URG (X, f) := U
(
R,Π(G,X), φ
)
. We define the ele-
ment uRG(X, f) ∈ U
R
G (X, f) to be u
(
Cc(f˜)
)
∈ U
(
R,Π(G,X), φ
)
= URG (X, f).
Let (X, f) and (Y, g) be finite properG-CW-complexes withG-equivariant
cellular endomorphisms f and g. Let h : X → Y be a G-equivariant cel-
lular map such that gh = hf . Composition with h induces a functor
H := Π(G,h) : Π(G,X) → Π(G,Y ) between the fundamental categories.
Setting φ := Π(G, f) and ψ := Π(G, g), we have ψH = Hφ. We obtain
URG (h) := K0(H∗) : U
R
G (X, f) → U
R
G (Y, g), a group homomorphism. So U
R
G
is a functor from End(G-CWfp) to Ab.
Lemma 2.2. If h : (X, f)→ (Y, g) is a G-equivariant cellular map between
finite proper G-CW-complexes with endomorphisms such that gh = hf , then
h induces a map Cc(h˜) from Π(G,h)∗C
c(f˜) to Cc(g˜).
Idea of proof. We use adjointness of induction and restriction and the tri-
angular identities. 
Let X be an H-CW-complex with H-equivariant endomorphism f : X →
X and let α : H → G be a group homomorphism. Then indαX := G×H X
is a G-CW-complex. It is proper if X is proper. The map indα : X = H ×H
X
α×id
−−−→ G×H X = indαX induces a map Π(indα) of the fundamental cate-
gories. We obtain a group homomorphism α∗ := K0(Π(indα)∗) : U
R
H(X, f)→
URG (indαX, indα f).
We defined the invariant (URG (X, f), u
R
G(X, f)) because it has certain good
properties. It is a functorial equivariant Lefschetz invariant, the equivariant
generalization of a functorial Lefschetz invariant [Lu¨c99, Definition 2.3].
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Definition 2.3. A functorial equivariant Lefschetz invariant on the family
of categories G-CWfp of finite proper G-CW-complexes for discrete groups
G is a pair (Θ, θ) that consists of
• A family Θ of functors
ΘG : End(G-CWfp)→ Ab
which is compatible with the induction structure, i.e., for an inclu-
sion α : G→ K there is a group homomorphism Θ(α) : ΘG(X, f)→
ΘK(indαX, indα f) for every (X, f) ∈ End(G-CWfp). We want the
equation Θ(α)ΘG(h) = ΘK(indα h)Θ(α) to hold for any morphism
h : (X, f)→ (Y, g).
• A family θ of functions θG : (X, f) 7→ θG(X, f) ∈ ΘG(X, f).
such that the following holds:
(1) Additivity
For a G-pushout with i2 a G-cofibration
(X0, f0)
i1
//
i2

j0
%%K
KK
K
K
KK
K
K
K
(X1, f1)
j1

(X2, f2)
j2
// (X, f)
we obtain in ΘG(X, f) that
θG(X, f) = ΘG(j1)θG(X1, f1) + ΘG(j2)θG(X2, f2)−ΘG(j0)θG(X0, f0).
(2) G-Homotopy invariance
If h0, h1 : (X, f) → (Y, g) are two G-maps that are G-homotopic in
End(G-CWfp), then
ΘG(h0) = ΘG(h1) : ΘG(X, f)→ ΘG(Y, g).
(3) Invariance under G-homotopy equivalence
If h : (X, f) → (Y, g) is a morphism in End(G-CWfp) such that
h : X → Y is a G-homotopy equivalence, then
ΘG(h) : ΘG(X, f)
∼=
−→ ΘG(Y, g)
θG(X, f) 7→ θG(Y, g).
(4) Normalization: We have θG(∅, id∅) = 0 ∈ ΘG(∅, id∅).
(5) If α : G→ K is an inclusion of groups, then
α∗θG(X, f) = θK(indαX, indα f) ∈ ΘK(indαX, indα f).
A natural transformation τ : (Θ, θ) → (Ξ, ξ) of functorial equivariant Lef-
schetz invariants is a family of natural transformations τG : ΘG → ΞG of
functors from End(G-CWfp) to Ab for discrete groups G that preserves all
structure.
Proposition 2.4. The invariant
(
URG (X, f), u
R
G(X, f)
)
is a functorial equi-
variant Lefschetz invariant on the family of categories G-CWfp of finite
proper G-CW-complexes for discrete groups G.
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Proof. 1. Additivity: From [Lu¨c89, Lemma 13.7] one knows that for the
corresponding G-pushout of G-CW-complexes we obtain a based exact se-
quence of RΠ(G,X)-chain complexes
0→ j0∗C
c(X˜0)
j1∗Cc(i˜1)⊕j2∗Cc(i˜2)
−−−−−−−−−−−−−→ j1∗C
c(X˜1)⊕ j2∗C
c(X˜2)
Cc(j˜1)−Cc(j˜2)
−−−−−−−−−→ Cc(X˜)→ 0,
where j0∗, j1∗ and j2∗ denote induction with j0, j1 and j2 respectively. By
Lemma 2.2 we obtain a short exact sequence 0→ j0∗C
c(f˜0)→ j1∗C
c(f˜1)⊕
j2∗C
c(f˜2) → C
c(f˜) → 0. We conclude using the additive properties of the
algebraic invariant.
2. G-Homotopy invariance: Let H : X × I → Y be a G-equivariant ho-
motopy between h0 and h1. We want to show that U
R
G (h0) = U
R
G (h1). We
know that Π(G,h0) = Π(G,H) ◦ Π(G, i0) and that Π(G,h1) = Π(G,H) ◦
Π(G, i1), so it suffices to prove that K0(Π(G, i0)∗(g)) = K0(Π(G, i1)∗(g))
for all g ∈ φ-endffRΠ(G,X). There is a natural equivalence t : indΠ(G,i0)
∼
−→
indΠ(G,i1) induced by the paths vx from i1 ◦ x to i0 ◦ x given by the map
x× (1− idI) : G/H × I → X× I at every object x of Π(G,X). It induces an
isomorphism Π(G, i0)∗(g)
∼
−→ Π(G, i1)∗(g) which implies the desired equal-
ity.
3. Invariance under G-homotopy equivalence: If h : (X, f) → (Y, g) ∈
End(G-CWfp) such that h : X → Y is a G-homotopy equivalence, then
Π(G,h) is an equivalence of categories. By Proposition 1.3 the induced
functor Π(G,h)∗ : φ-endffRΠ(G,X) → ψ-endffRΠ(G,Y ) is an equivalence of cat-
egories. Thus we know that UG(h) := K0(Π(G,h)∗) is a bijection. We need
to show that uG(X, f) maps to uG(Y, g) under this map.
By Lemma 2.2, h induces a map Cc(h˜) from Π(G,h)∗C
c(f˜) to Cc(g˜).
This map is an RΠ(G,X)-chain homotopy equivalence. By Lemma 1.7 we
conclude u(Π(G,h)∗C
c(f˜)) = u(Cc(g˜)), and the claim follows.
4. Normalization: We have id-endffR∅ = {pt} and K0({pt}) = {0}.
5. Let α : G → K be an inclusion of groups. We want to show that
α∗uG(X, f) = uK(indαX, indα f). By definition we have α∗uG(X, f) =
u(Π(indα)∗C
c(f˜)) and uK(indαX, indα f) = u(C
c(i˜ndα f)). There is a
natural equivalence T : indΠ(indα)∗ X˜ →
˜indαX of Π(K, indαX)-spaces.
We check that i˜ndα fT = (ψ
∗T )Π(indα)∗f˜ . We can now apply the cellu-
lar chain complex functor Cc to obtain a natural equivalence which maps
Π(indα)∗C
c(f˜) to Cc(i˜ndα f) and induces the desired equality. 
3. Universality
Now we show that the invariant (UZG, u
Z
G) has a universal initial property
among all functorial equivariant Lefschetz invariants.
Definition 3.1. A functorial equivariant Lefschetz invariant (UG, uG) is
called universal if for any functorial equivariant Lefschetz invariant (ΘG, θG)
there is precisely one family of natural transformations τG : UG → ΘG such
that τG(X,f) : UG(X, f) → ΘG(X, f) sends uG(X, f) to θG(X, f) for any
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object (X, f) in End(G-CWfp), for any discrete group G, and such that the
equality τK ◦ U(α) = Θ(α) ◦ τG holds for inclusions α : G→ K.
The goal of this section is the proof of Theorem 0.1.
Theorem 0.1. The pair (UZG, u
Z
G) is the universal functorial equivariant
Lefschetz invariant on the family of categories End(G-CWfp) for discrete
groups G.
The proof is in analogy to Lu¨ck [Lu¨c99, Section 4], of which it is the
equivariant generalization. Before starting, we introduce notation.
LetX be a G-space. A retractive G-space Y over X is a triple Y = (Y, i, r)
which consists of a G-space Y , a G-cofibration i : X → Y and a G-map
r : Y → X satisfying r ◦ i = idX . Given a retractive G-space Y over X, we
define retractive G-spaces Y ×X [0, 1] and CXY to be the pushouts
X × [0, 1]
prX
//
i×id

X

Y × {1}
r
//
incl

X

Y × [0, 1] // Y ×X [0, 1] Y ×X [0, 1] // CXY,
where [0, 1] is endowed with the trivial G-action. The inclusions of X into
Y ×X [0, 1] and into CXY are the right vertical maps, the retractions Y ×X
[0, 1] → X and r̂ : CXY → X are induced by the retraction r : Y → X by
the pushout property.
Define the retractive G-space ΣXY to be the pushout of two copies of the
inclusion î : Y → CXY induced by Y × {0} → Y × [0, 1]. The retraction is
induced by r̂ by the pushout property. The composition î ◦ i : X → CXY
is a G-homotopy equivalence relative X with the retraction of CXY onto X
as G-homotopy inverse relative X.
Given two retractive spaces Y and Z over X and a G-endomorphism
f : X → X, define [(CXY, Y ), (CXZ,Z)]
G
f to be the set of G-homotopy
classes relative X of maps of pairs (ĝ, g) : (CXY, Y ) → (CXZ,Z) that in-
duce the given endomorphism f on X, i.e., such that giY = iZf .
We define the ZΠ(G,X)-chain complex Cc(Y˜ , X˜) by
Cc(Y˜ , X˜) := coker
(
Cc(X˜)
Cc (˜i)
−−−→ resΠ(G,iY ) C
c(Y˜ )
)
.
We call a retractive G-space Y over X a d-extension if Y is obtained
from X by attaching finitely many cells in dimension d. If Y is a d-extension
of X and d ≥ 2, then we have the short exact sequence
0→ Cc(X˜)
Cc (˜i)
−−−→ resΠ(G,iY )C
c(Y˜ )→ Cc(Y˜ , X˜)→ 0,
where Cc(X˜) and resΠ(G,iY )C
c(Y˜ ) are finite free ZΠ(G,X)-chain complexes
equipped with the cellular equivalence class of bases [Lu¨c89, Definition 13.3
and Example 9.18]. Since the above sequence is based split exact, Cc(Y˜ , X˜)
is a chain complex concentrated in degree d, and Ccd(Y˜ , X˜) is a finite free
ZΠ(G,X)-module with an equivalence class of bases given by the cells of
Y \X [Lu¨c89, Example 9.18].
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If Y is a d-extension of X and d ≥ 2, then Π(G, iY ) : Π(G,X) → Π(G,Y )
is an equivalence of categories with inverse Π(G, rY ). This implies that
resΠ(G,iY ) C
c(Y˜ ) is a finite free ZΠ(G,X)-module.
For any map g : Y → Z of d-extensions of X (d ≥ 2) such that giY = iZf
we obtain a lift g˜ : resΠ(G,iY ) Y˜ → resΠ(G,iZ) Z˜◦φ uniquely determined by the
fact that it induces f˜ on X˜ . We have Cc(g˜)Cc(i˜Y ) = (φ
∗Cc(i˜Z))C
c(f˜) and
therefore an induced map Cc(g˜, f˜) : Cc(Y˜ , X˜) → Cc(Z˜, X˜) ◦ φ of Π(G,X)-
chain complexes. This leads to a bridge between geometry and algebra, in
analogy to Lu¨ck [Lu¨c99, Lemma 4.2].
Lemma 3.2. Let Y and Z be d-extensions of the G-space X with d ≥ 2.
Then there is a bijective map
η :
[
(CXY, Y ), (CXZ,Z)
]G
f
→ MorZΠ(G,X)
(
Ccd(Y˜ , X˜), C
c
d(Z˜, X˜) ◦ φ
)
[(ĝ, g)] 7→ Ccd(g˜, f˜).
Proof. Choose a G-pushout∐
i∈I G/Hi × S
d−1
∐
i∈I qi
//

X
iY
∐
i∈I G/Hi ×D
d
∐
i∈I Qi
// Y.
(1)
Define a G-map pi : G/Hi × S
d → Y by setting pi|G/Hi×Sd+
:= Qi and
pi|G/Hi×Sd−
:= r ◦Qi. Then we can see CXY as the pushout
∐
i∈I G/Hi × S
d
∐
i∈I pi
//

Y
îY
∐
i∈I G/Hi ×D
d+1
∐
i∈I Pi
// CXY.
Analogously to Lu¨ck [Lu¨c99, Lemma 4.2], we obtain an isomorphism
µ :
[
(CXY, Y ), (CXZ,Z)
]G
f
∼
−→
∏
i∈I
πd
(
ZHi(f(xi)),X
Hi(f(xi)), f(xi)
)
∼
−→
∏
i∈I
(
Ccd(Z˜, X˜) ◦ φ
)
(xi)
∼
−→ MorZΠ(G,X)
(
Ccd(Y˜ , X˜), C
c
d(Z˜, X˜) ◦ φ
)
.
Under this isomorphism,
[(ĝ, g)] 7→
(
[g ◦Qi(1Hi,−), f ◦ qi(1Hi,−)]
)
i∈I
7→
(
(g˜, f˜)
(
Q˜i(1Hi, [D
d]), q˜i(1Hi, [S
d])
))
i∈I
=
(
Ccd(g˜, f˜)(xi)
)
i∈I
7→ Ccd(g˜, f˜).

Proof of Theorem 0.1. We have already shown that the pair (UZG, u
Z
G) is a
functorial equivariant Lefschetz invariant. It remains to prove universality.
For every functorial equivariant Lefschetz invariant (ΘG, θG) we need to
find a natural transformation τG : U
Z
G → ΘG such that u
R
G(X, f) maps to
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θG(X, f) for all (X, f) in End(G-CWfp), for discrete groups G, and such
that τK ◦ U(α) = Θ(α) ◦ τG for inclusions α : G→ K.
We define τ by translating the algebraic data encoded by UZG back into
geometric information using Lemma 3.2. We proceed in eight steps. We
omit details which are completely analogous to [Lu¨c99, Section 4].
Step 1: For any d-extension Y of X, with d ≥ 1, we define
τY :
[
(CXY, Y ), (CXY, Y )
]G
f
→ ΘG(X, f)
[(ĝ, g)] 7→ ΘG(̂i ◦ i)
−1ΘG(̂i)
(
θG(g)
)
.
The maps g and ĝ are only defined up to G-homotopy (relative X), but
because of the G-homotopy invariance of (ΘG, θG) this does not play a role.
Step 2: We define a map τd : U
Z
G(X, f) → ΘG(X, f) for d ≥ 2. Let
[a : M → M ◦ φ] ∈ UZG(X, f). We have M
∼=
⊕
i∈I ZΠ(G,X)(?, xi) with
(xi : G/Hi → X) ∈ ObΠ(G,X) [Lu¨c89, p. 167] since M is a finite free
ZΠ(G,X)-module. Set qi := xi ◦ prG/Hi : G/Hi × S
d−1 → X and define Y
to be the pushout defined by the maps qi as in diagram 1.
Take an isomorphism c : M
∼
−→
⊕
i∈I ZΠ(G,X)(?, xi)
∼
−→ Ccd(Y˜ , X˜). Set-
ting [(ĝ, g)] := η−1(φ∗cac−1) we have [a] = [φ∗cac−1] = [η([ĝ, g])] = [Ccd(g˜, f˜)] =
[(−1)dCc(g˜, f˜)]. We define τd([a]) := (−1)
d
(
τY ([(ĝ, g)])− θG(f)
)
and use G-
homotopy invariance to show that this is independent of the choices made.
Step 3: We check that τd is compatible with the additivity relation using
the union of G-spaces over X: For a split short exact sequence 0 → a1 →
a → a2 → 0 we have [a0] + [a1] = [a], and putting Y := Y0 ∪X Y1 we can
calculate that τd([a0]) + τd([a1]) = τd([a]).
Step 4: The map τd is independent of the integer d ≥ 2. Namely, let
[a] ∈ UZG(X, f) and let (Y, g) be a d-extension of X such that [a] = [C
c
d(g˜, f˜)].
In order to show that τd([a]) = τd+1([a]), we describe a suspension map
ΣX :
[
(CXY, Y ), (CXZ,Z)
]G
f
→
[
(CXΣXY,ΣXY ), (CXΣXZ,ΣXZ)
]G
f
[(ĝ, g)] 7→ [(Σ̂Xg,ΣXg)].
in analogy to Lu¨ck [Lu¨c99, Section 4], with ΣXg := ĝ ∪g ĝ. We have
τd([a]) = (−1)
d
(
τY ([(ĝ, g)]) − θG(f)
)
and τd+1([a]) = (−1)
d+1
(
τΣXY ([(Σ̂Xg,ΣXg)])− θG(f)
)
.
We obtain the desired equality by calculating that
τΣXY
(
[(Σ̂Xg,ΣXg)]
)
− θG(f) = −
(
τY ([(ĝ, g)]) − θG(f)
)
.
Step 5: We show that τ is a natural transformation from UZG to ΘG. Let
h : X1 → X2 be a G-equivariant map between spaces with endomorphisms
f1 and f2 respectively such that f2h = hf1. Let [a] ∈ U
Z
G(X1, f1), and let
Y1 be a d-extension (d ≥ 2) of X1 with endomorphism g1 extending f1,
i.e., g1|X1 = f1, such that [C
c
d(g˜1, f˜1)] = [a]. Define (Y2, g2) as the pushout
of (Y1, g1)
i1←− (X1, f1)
h
−→ (X2, f2). The map C
c
d(g˜2, f˜2) can be used as a
representative of UZG(h)([a]). This is shown using the fact that Π(G, i1) and
Π(G, i2) are equivalences of categories, Proposition 1.3 and additivity.
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Step 6: The natural transformation τ : UZG → ΘG maps u
Z
G(X, f) ∈
UZG(X, f) to θG(X, f) ∈ ΘG(X, f). For a finite G-CW-complex X with
endomorphism f , let Yn be the pushout of Xn
kn−1
←−−− Xn−1
jn−1
−−−→ X, where all
arrows are canonical inclusions. There is a canonical retraction rn : Yn → X
induced by the inclusions of Xn−1, Xn andX intoX. Defining fk : Xk → Xk
as the restriction of f to Xk, one obtains an endomorphism gn : Yn → Yn as
gn = fn ∪fn−1 f . Additivity and application of ΘG(rn) yields
ΘG(rn)θG(gn) = ΘG(in)θG(fn) + θG(f)−ΘG(in−1)θG(fn−1).
Summing up, we obtain
dim(X)∑
n=0
(
ΘG(rn)θG(gn)− θG(f)
)
= θG(f) ∈ ΘG(X, f).
The analogous equation holds for (UZG, u
Z
G). If n ≥ 2, we have
[Cc(g˜n, f˜)] = [resΠ(G,in) C
c(g˜n)]− [C
c(f˜)] = UZG(rn)u
Z
G(gn)− u
Z
G(f)
because Π(G, in) is an equivalence of categories. We conclude that
τG(X,f)
(
UZG(rn)u
Z
G(gn)− u
Z
G(f)
)
= τG(X,f)
(
[(−1)dCcd(g˜n, f˜)]
)
=
(
ΘG(înin)
−1ΘG(în)θG(gn)− θG(f)
)
= ΘG(rn)θG(gn)− θG(f).
The last equation follows because we have strict commutativity rngn = frn.
Summing up, we obtain τG(X,f)(u
Z
G(f)) = θG(f).
If n ∈ {0, 1}, we use the suspension ΣXYn of Yn to get into the range d ≥ 2.
Step 7: We have to show that τK ◦ U(α) = Θ(α) ◦ τG for any inclusion
α : G → K. By definition of the natural transformation τ and of U(α) and
using the notation established above, this is equivalent to
(−1)d
(
ΘK(îndα i ◦ indα i)
−1ΘK(îndα i)
(
θK(indα g)
)
− θK(indα f)
)
= Θ(α)
(
(−1)d
(
ΘG(̂i ◦ i)
−1ΘG(̂i)
(
θG(g)
)
− θG(f)
))
.
The retractive space constructions commute with induction. Since Θ is a
family of functors on End(G-CWfp) for discrete groupsG which is compatible
with the induction structure, we have Θ(α)ΘG(h) = ΘK(indα h)Θ(α). So
Θ(α)
(
(−1)d
(
ΘG(̂i ◦ i)
−1ΘG(̂i)
(
θG(g)
)
− θG(f)
))
= (−1)d
(
ΘK(îndα i ◦ indα i)
−1ΘK(îndα i)Θ(α)
(
θG(g)
)
−Θ(α)θG(f)
)
.
Since (Θ, θ) is a functorial equivariant Lefschetz invariant, the equation
Θ(α)(θG(g)) = θK(indα g) and the analogous equation for f hold, so we
are finished.
Step 8: The natural transformation τ is uniquely determined. Any ele-
ment [a] in UZG(X, f) can be realized by a d-extension Y for d ≥ 2 as
[a] = [Ccd(g˜, f˜)]
= (−1)d
(
UZG(̂i ◦ i)
−1 ◦ UZG(̂i)(u
Z
G(g)) − u
Z
G(f)
)
,
and by τG(X,f)(u
Z
G(f)) = θG(f) and functoriality it follows that
τG(X,f)
(
[a]
)
= (−1)d
(
ΘG(̂i ◦ i)
−1 ◦ΘG(̂i)(θG(g)) − θG(f)
)
. 
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4. Splitting Results
In this section, we derive a direct sum decomposition of the abelian group
URG (X, f), making it more accessible to computations.
For subgroups H ≤ G, the fixed point sets XH := {x ∈ X | hx =
x for all h ∈ H} and the restrictions fH := f |XH : X
H → XH come into
play. The Weyl group WH := NGH/H acts on X
H . We show in Theo-
rem 4.6 that the group URG (X, f) splits up into summands corresponding to
the fixed point sets XH for (H) ∈ consub(G), the set of conjugacy classes
of subgroups of G.
Let X>H := {x ∈ XH | Gx 6= H}, where Gx denotes the isotropy group
of x, and f>H := f |X>H . We also show that the element u
R
G(X, f) maps
to the elements given by the relative maps (fH , f>H). We even have a
finer decomposition corresponding to the orbits of connected components of
XH \X>H under fH .
We now start analyzing UGR (X, f) := K0(φ-endffRΓ) for Γ = Π(G,X) and
φ = Π(G, f). We restrict ourselves to this geometric case for simplicity. The
results hold for more general EI-categories Γ with endofunctors φ [Web05].
A partial ordering on the objects of any EI-category Γ is given by x ≤ y ⇔
MorΓ(x, y) 6= ∅. For an object x : G/H → X of Π(G,X), we define the type
tp(x) to be (H) ∈ consub(G). The partial ordering on Π(G,X) becomes a
partial ordering according to the type of x and the connected component of
WH \XH which x maps into. On consub(G), we obtain the partial ordering
given by (H) ≤ (K) ⇔ Mor(G/H,G/K) 6= ∅. The endofunctor φ respects
the partial ordering on Π(G,X) since it is given by composition with f .
We work with φ-endomorphisms g : M →M ◦φ of finite free RΓ-modules
M . Every finite free RΓ-module is isomorphic to one which is of the form⊕
b∈B RΓ(?, β(b)) with B a finite set and β : B → ObΓ a map.
Lemma 4.1. Let g :
⊕
b∈B RΓ(?, β(b)) →
⊕
b∈B RΓ(?, β(b)) ◦ φ. Then for
b0 ∈ B we have
g(RΓ(?, β(b0))) ⊆
⊕
b;β(b)≥β(b0)
RΓ(?, β(b)) ◦ φ.
Proof. Let b0 ∈ Bi, and let v ∈ RΓ
(
?, β(b0)
)
. The following diagram com-
mutes (because g is a natural transformation):
RΓ
(
?, β(b0)
) g?|RΓ(?,β(b0))
// ⊕b∈BRΓ
(
φ(?), β(b)
)
RΓ
(
β(b0), β(b0)
) gβ(b0)|RΓ(β(b0),β(b0))
//
v∗
OO
⊕b∈BRΓ
(
φ(β(b0)), β(b)
)
.
φ∗(v∗)=(φ(v))∗
OO
We know that RΓ
(
φ(β(b0)), β(b)
)
= 0 unless φ
(
β(b0)
)
≤ β(b). But b0 ∈ Bi
implies β(b0) ∈Wi and thus also φ
(
β(b0)
)
∈Wi, so φ
(
β
(
b0
))
≤ β(b) is only
possible if β(b) ∈ Wj for j ≥ i. So RΓ
(
φ
(
β(b0)
)
, β
(
b
))
= 0 if b 6∈ Bj for all
j ≥ i. The map
(
φ(v)
)∗
respects the direct sum decomposition because it is
just precomposition with φ(v), and thus g?(v) =
(
φ(v)
)∗(
gβ(b0)(idβ(b0))
)
is
nonzero only in components with b ∈ Bj for j ≥ i. So g?
(
RΓ
(
?, β(b0)
))
⊆⊕
j≥i
⊕
b∈Bj
RΓ
(
φ(?), β(b)
)
for all b0 ∈ Bi, which implies the statement. 
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Set MH :=
⊕
b with
tp(β(b))=(H)
RΓ(?, β(b)). Then M ∼=
⊕
(H)∈consub(G)MH .
Corollary 4.2. g(MH) ⊆
⊕
(K)≥(H)MK ◦ φ.
Analogous results hold for maps h : M →M ′ of finite free RΓ-modules.
We denote by ΓH the full subcategory of Γ containing all objects x of
type (H). We set φH := φ|ΓH : ΓH → ΓH . The inclusion map iH : ΓH → Γ
is a map of categories with endofunctors, φiH = iHφH .
We now define functors S and E that induce the desired splitting.
Definition 4.3. We define the extension functor EH by
EH := iH∗ : φH -endffRΓH → φ-endffRΓ.
This generalizes the extension functor Ex [Lu¨c89, Definition 9.28].
We set SHM := resΓH MH . A map g : M → M ◦ φ does not change
the type, so it induces a map gH : MH → MH ◦ φ. We define SH(g) :=
resΓH gH : SHM → SHM ◦ φH . For a morphism h : M → M
′ with g′h =
(φ∗h)g we set SHh := resΓH hH : SHM → SHM
′. It is easily checked that
SH(g
′)SHh = (φ
∗
HSHh)SH(g).
Definition 4.4. We define the splitting functor SH by
SH : φ-endffRΓ → φH -endffRΓH , g 7→ resΓH gH .
This is a variation of the splitting functor Sx [Lu¨c89, Definition 9.26],
for objects x of type (H) we have resx SH = Sx. The functors SH and EH
preserve split exact sequences, so they induce maps on the level of K-theory.
We are mostly interested in K0 since that is where our invariant lives.
But we can treat all higher K-groups since φ-endffRΓ is an exact category.
So we let K stand for any Kn, n ∈ Z, and define the splitting functors for
all algebraic K-groups simultaneously. We obtain
K(SH) : K(φ-endffRΓ) → K(φH -endffRΓH )
K(EH) : K(φH -endffRΓH ) → K(φ-endffRΓ).
Let another G-CW-complex X ′ with equivariant endomorphism f ′ be
given and set Γ′ := Π(G,X ′) and ψ := Π(G, f ′) : Γ′ → Γ′. A G-equivariant
map l : X → X ′ satisfying f ′l = lf induces a functor L := Π(G, l) : Π(G,X) →
Π(G,X ′) such that φL = Lφ′ and which preserves the type. For every
H ≤ G, the functor L induces a functor LH∗ : φH -endffRΓH → φ
′
H -endffRΓ′H .
Definition 4.5. We define a functor
SplitK : End(G-CWfp) → Ab
(X, f) 7→
⊕
(H)∈consub(G)
K(φH -endffRΓH )
(
l : (X, f)→ (X ′, f ′)
)
7→
⊕
(H)∈consub(G)
K(LH∗).
To have compatible notation, we defineK : End(G-CWfp)→ Ab by (X, f) 7→
K(φ-endffRΓ),
(
l : (X, f)→ (X ′, f ′)
)
7→ K(L∗).
For finite subsets I ⊆ consub(G), set SI :=
∏
(H)∈I K(SH). The map
colimI⊆consub(G) SI : K(φ-endffRΓ)→
⊕
(H)∈consub(G)K(φH -endffRΓH ) induces
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a natural transformation S : K → SplitK. (Naturality can be checked di-
rectly, it also follows from the proof of Theorem 4.6.) The functors EH com-
bine to form a natural transformation E : SplitK → K. Similar to [Lu¨c89,
Theorem 9.34], we prove the following theorem.
Theorem 4.6. We have inverse pairs of natural equivalences E and S be-
tween the functors
K and SplitK : End(G-CWfp)→ Ab.
I.e., if X is a finite proper G-CW-complex with equivariant endomorphism
f : X → X, and if Γ = Π(G,X) and φ = Π(G, f), then
K(φ-endffRΓ) ∼=
⊕
(H)∈consub(G)
K(φH -endffRΓH ),
where the isomorphism is given by S with inverse E and is natural in (X, f).
Proof. We have S ◦E = colimI SI ◦ colimI EI = colimI(SI ◦EI) and E ◦S =
colimI(EI ◦ SI). Hence it suffices to show for any finite I ⊆ consub(G) that
SI ◦EI = Id and EI ◦ SI = Id hold.
1) We show that SI ◦ EI = Id.
We have SI ◦ EI =
⊕
(H)∈I K(SHEH). Thus we need to show that
K(SHEH) = Id for all (H) ∈ I. We know that SHEH : ff RΓH → ff RΓH
is naturally equivalent to the identity [Lu¨c89, Lemma 9.31]. Going through
the definitions, it is easily checked that this natural equivalence extends to
a natural equivalence on φH -endffRΓH .
2) We show that EI ◦ SI = Id.
The proof proceeds inductively over the cardinality of I. The beginning
I = ∅ is trivial. In the induction step, choose (H) maximal in I and write
I ′ = I \ {(H)}. Since we are working with finite free modules, we can
restrict ourselves to modules of the form M =
⊕
b∈B RΓ
(
?, β(b)
)
. Setting
MI′ :=
⊕
(K)∈I′ MK , we have a split short exact sequence
0→MH
incH−−−→M →MI′ → 0.
Since (H) is maximal, by Lemma 4.1 we know that g incH = incH gH . We
obtain an induced map gI′ := prMI′◦φ g|MI′ on MI′ . So
0→ gH → g → gI′ → 0
is a short exact sequence in the sense of Definition 1.4.
We call ΓI′ ⊆ Γ the full subcategory of Γ with objects in
⋃
(K)∈I′ ΓK and
set φI′ := φ|ΓI′ . The module MI′ can be restricted to the full subcategory
ΓI′ . Analogously, induction with the inclusion ΓI′ ⊆ Γ allows us to view an
RΓI′-module N as an RΓ-module. We extend these assignments to functors
G : φ-endffRΓ → φI′-endffRΓI′ , g 7→ resΓI′ gI′ , h 7→ resΓI′ (prM ′I′
h|MI′ )
F := (inclΓI′ )∗ : φI′-endffRΓI′ → φ-endffRΓ
We have FG(g) = gI′ and GF = Id. We have EHSH(g) = gH . The above
sequence induces a cofibration sequence of functors on φ-endffRΓ
0→ EHSH → Id→ FG→ 0.
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By the additivity theorem [Qui73, p. 103-106], we obtain
K(EH)K(SH) +K(F )K(G) = Id .
The following diagram commutes on the outside because of this equation
and on the top because of the induction hypothesis EI′ ◦ SI′ = Id.
K(φ
I′ -endffRΓI′
)⊕K(φH -endffRΓH )
Id
//
S
I′
⊕Id
))S
SS
SS
SS
SS
SS
SS
SS
K(φ
I′ -endffRΓI′
)⊕K(φH -endffRΓH )
K(F )⊕K(EH )

(
⊕(K)∈I′K(φK -endffRΓK )
)
⊕K(φH -endffRΓH )
E
I′
⊕Id
55kkkkkkkkkkkkkkk
E
))T
TT
TT
TT
TT
TT
TT
TT
K(φ-endffRΓ)
Id
//
K(G)⊕K(SH )
OO
S
55jjjjjjjjjjjjjjj
K(φ-endffRΓ).
The right triangle commutes if
(
K(F ) ⊕K(EH)
)
◦ (EI′ ⊕ Id) = E, i.e., if
K(F ) ◦
(
⊕(K)∈I′K((EI′)K)
)
⊕ K(EH) = ⊕(K)∈IK(EK). This is obviously
true: The (EI′)K on the left land in φI′-endffRΓI′ , and the functor F pushes
them forward to φ-endffRΓ where the EK on the right hand side land.
The left triangle commutes if (K(SI′) ⊕ Id) ◦
(
K(G) ⊕ K(SH)
)
= S,
i.e., if
∏
(K)∈I′ K((SI′)K ◦ G) ⊕ K(SH) =
∏
(H)∈I K(SH). This is easily
seen: For (K) ∈ I ′, we have SK ◦ G(g) = SK(resΓI′ (prMI′◦φ g|MI′ )) =
resΓK ((resΓI′ (prMI′◦φ g|MI′ ))K) = resΓK gK = SK(g). So the left triangle
also commutes. We conclude that the bottom triangle commutes and thus
that EI ◦ SI = Id. Therefore E and S are inverse isomorphisms.
It remains to show naturality. An equivariant map l : (X1, f1)→ (X2, f2)
induces functors L := Π(G, l)∗ : φ1-endffRΓ1 → φ2-endffRΓ2 and LH :=
Π(G, l|XH1
)∗ : φ1H -endffRΓ1H → φ2H -endffRΓ2H for all (H) ∈ consub(G). We
have SE ∼= Id and E(⊕(H)LH) ∼= LE, so SLE ∼= SE(⊕(H)LH) ∼= ⊕(H)LH
and the following diagram commutes:
K(φ1-endffRΓ1)
K(L∗)
// K(φ2-endffRΓ2)
S
⊕
(H) φ1H -endffRΓ1H
E
OO
⊕
(H)K(LH)∗
//
⊕
(H) φ2H -endffRΓ2H .
Since ES ∼= Id, this implies SK(L∗) ∼= SK(L∗)ES ∼=
(
⊕(H)K(LH)∗
)
S, and
so S is a natural transformation. 
We can split the groups K0(φH -endffRΓH ) up even further, according to
the WH-orbits of connected components C ⊆ XH and the action of f on
these. We have to distinguish 2 cases:
1) A certain iterate of f sends C into WH · C.
2) No iterate of f sends C into WH · C.
In case 1, we say that C is recurring, and we call l(C) := min{n ≥
1 | fn(C) ⊆WH ·C} the length of C. We denote by ΓC the full subcategory
of Γ with objects isomorphic to f i(x) : G/H → f i(C), for x : G/H → C and
0 ≤ i ≤ l − 1. We call the set of recurring components T .
In case 2, we say that C is transient. We call ht(C) := min{n ∈ N | fn(C) ⊆
WH · C ′ with C ′ ∈ T} the height of C. We denote by ΓC the full subcate-
gory of objects isomorphic to x : G/H → C. (This corresponds to the orbit
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WH · C.) Every component C has finite height since we are dealing with
finite proper G-CW-complexes X. Recurring components have height 0.
We choose a set C of representatives, i.e., of connected components C ⊆
XH such that Ob(Γ) = ∐C∈C Ob(ΓC).
Theorem 4.7. There is an isomorphism of abelian groups
K(φH -endffRΓH )
∼=
⊕
C∈C recurrent
K(φC-endffRΓC )⊕
⊕
C∈C transient
K(ff RΓC).
Proof. We define a functor
A :
⊕
C∈C recurrent
φC-endffRΓC ⊕
⊕
C∈C transient
K ff RΓC → φH -endffRΓH
by induction with the inclusion of the relevant subcategories, inserting the
0-map if there is no endomorphism given. Analogously, we define
B : φH -endffRΓH →
⊕
C∈C recurrent
φC -endffRΓC ⊕
⊕
C∈C transient
K ff RΓC
by the corresponding restriction. We proceed as in the proof of Theorem 4.6
to show that A and B are equivalences of categories inverse to each other.
The idea is to split off the transient components, starting from the top.
If the largest appearing height is k, we call Γk the full subcategory of ΓH
consisting of objects x lying in connected components of height k, and we
call Γ<k the full subcategory consisting of those with smaller height. The
inclusion of these subcategories induces induction and restriction maps indk,
resk, ind<k and res<k. In the induction step, the decisive point is that we
have a split short exact sequence
0 // ind<k res<kM //
(incl<k)∗ res<k(g)

M //
g

indk reskM //
0

0
0 // (ind<k resind<k M) ◦ φ M ◦ φ // 0 // 0
to which we apply the additivity theorem. We leave the details to the
reader. 
Having established this result, we next replace the groupoids ΓC by corre-
sponding groups. This is analogous to the transition from the fundamental
groupoid of a topological space to its fundamental group. Assuming X con-
nected, we choose a basepoint x ∈ X and look at the fundamental group
with respect to this basepoint.
In order for the endomorphism f : X → X to induce an endomorphism
φ : π1(X,x)→ π1(X,x), we also need to choose a path v from x to f(x). We
define φ := cv ◦ π1(f), where cv is the conjugation map cv : π1(X, f(x)) →
π1(X,x), γ 7→ vγv
−1. Here composition is written from left to right, as is
usual for composition of paths. Choosing a path v from x to f(x) corre-
sponds to choosing a morphism w = (σ, [v]) ∈Mor(f(x), x).
For transient components C, we choose an object x : G/H → C in ΓC .
This is identified with the point x(1H) ∈ C. We obtain an equivalence of
categories Aut(x) → ΓC , where the group Aut(x) is viewed as a category.
The choice of x does not play a role, we can use induction and restriction with
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this equivalence of categories to identify the groups obtained from different
choices.
Now we look at recurrent components C. If l := l(C) is the length of C,
choosing a point x ∈ C gives a sequence f(x) ∈ f(C), . . . , f l(x) ∈ f l(C).
There is an element g ∈ WH such that gf l(C) ⊆ C. We choose a path v
from x to gf l(C). We know that an element g ∈ WH uniquely determines
a map σg : G/H → G/H, g
′H 7→ g′gH [tD79, Proposition 1.14]. We set
w = (σg, [v]) ∈ Mor(φ
l(x), x). For γ ∈ Aut(φl(x)), we set cw(γ) := wγw
−1 ∈
Aut(x). We obtain a group homomorphism
φx,w : Aut(φ
l−1(x))
φ|
Aut(φl−1(x))
−−−−−−−−→ Aut(φl(x))
cw−→ Aut(x).
The collection Φ := (φ|Aut(x), . . . , φ|Aut(φl−2(x)), φx,w) is an endomorphism
of the disjoint union ∐l−1i=0Aut(φ
i(x)) which on every component is a group
homomorphism to the next.
We define a category Φ-endffR∐Aut(φi(x)). An object is a pair of sequences
((Mi)0≤i≤l−1, (gi)0≤i≤l−1). Here Mi is a finite free RAut(φ
i(x))-module.
For 0 ≤ i < l − 1, the map gi : Mi → Mi+1 ◦ φ|Aut(φi(x)) is a φ|Aut(φi(x))-
morphism. For i = l−1 the map gl−1 : Ml−1 →M0◦φx,w is a φx,w-morphism.
A morphism h : (Mi)0≤i≤l−1 → (M
′
i)0≤i≤l−1 between these modules is a se-
quence (h0, . . . , hl−1) of maps hi : Mi →M
′
i such that all resulting diagrams
commute.
Theorem 4.8. There is an equivalence of categories
φC -endffRΓC
∼
−→ Φ-endffR∐Aut(φi(x)).
The proof is quite technical, but not very insightful. We state the basic
idea and refer the reader to [Web05] for details.
Idea of proof. We use induction and restriction with the inclusion of cate-
gories ∐l−1i=0Aut(φ
i(x))→ ΓC to define Ix,w : Φ-endffR∐Aut(φi(x)) → φC-endffRΓC
and Rx,w : φC-endffRΓC → Φ-endffR∐Aut(φi(x)). We use the canonical isomor-
phism resc−1w resφl(x)M0
∼= resxM0 in the definition of Rx,w and its inverse
in the definition of Ix,w, alongside with the functors η : Id → res ind and
ε : res ind → Id as in Section 1.
We then show that Ix,w and Rx,w are equivalences of categories inverse to
each other, by using the triangular identities to show that the appropriate
diagrams commute. 
We combine the results of this section in the following statement.
Theorem 4.9. Let G be a discrete group, let X be a finite proper G-
CW-complex and let f : X → X be a G-equivariant endomorphism. Let(
UZG(X, f), u
Z
G(X, f)
)
be the universal functorial Lefschetz invariant of (X, f).
For all H ≤ G and C ∈ CH , the set of representatives of connected compo-
nents of XH , we choose xC : G/H → C. If C is recurrent of length l, we
also choose an element gC ∈WH such that f
l(C) ∈ gCC and path vC from
xC to gCf
l(xC).
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Then there is an isomorphism
ζ : UZG(X, f)
∼
−→
⊕
(H)∈consub(G)
( ⊕
C∈CH
recurrent
K0(ΦC-endffR∐Aut(φi(xC)))
⊕
⊕
C∈CH
transient
K0(ff ZAut(xC))
)
uZG(X, f) 7→
∑
(H)∈consub(G)
∑
C∈CH
uZG(X, f)xC ,
where for C recurrent (leaving out the modules) we have
uZG(X, f)xC =
[(
Cc(f˜ |X˜H (xC), f˜ |X˜>H (xC)), . . .
Cc(g˜−1C f |X˜H (f l−1(xC)), g˜
−1
C f |X˜>H (f l−1(xC)))
)]
and for C transient we have
uRG(X, f)xC =
[
Cc
(
X˜H(xC), X˜
>H(xC)
)]
.
Proof. The existence of the isomorphism ζ was established in Theorems 4.6
and 4.8. It remains to identify the image of uZG(X, f).
On the modules, ζ is given by resx SΓC = Sx. There is a natural isomor-
phism Sx
(
Cc(X˜)
)
∼= Cc
(
X˜H(x), X˜>H(x)
)
of ZAut(x)-chain complexes for
(x : G/H → X) ∈ Ob(Π(G,X)) [Lu¨c89, Lemma 9.32]. This gives the result
for transient C.
For recurrent C, the modules are
Mi = resf i(xC) SΓC
(
Cc(X˜)
)
∼= Cc
(
X˜H(f i(xC)), X˜
>H (f i(xC))
)
.
For 0 ≤ i ≤ l − 2, the morphisms are
gi = resf i(xC) SΓC
(
Cc(f˜)
)
= Cc(f˜ |X˜H (f i(xC)), f˜ |X˜>H (f i(xC))).
The canonical isomorphism used in Theorem 4.8 is geometrically the one
induced by multiplication with g−1C ,
Cc(g˜−1C ) : C
c
(
X˜H(f l(xC)), X˜
>H(f l(xC))
)
→ Cc
(
X˜H(xC), X˜
>H(xC)
)
.
So gl−1 = C
c
(
g˜−1C f |X˜H (f l−1(xC)), g˜
−1
C f |X˜>H (f l−1(xC))
)
. 
5. The Generalized Equivariant Lefschetz Invariant
In this section we develop a generalized equivariant Lefschetz invari-
ant
(
ΛG(X, f), λG(f)
)
as the image of the universal functorial equivari-
ant Lefschetz invariant
(
UZG(X, f), u
Z
G(X, f)
)
under a convenient trace map
trG(X,f). It is an equivariant analog of the generalized Lefschetz invari-
ant [Rei36, Wec41] and a refinement of the equivariant Lefschetz class [LR03,
Definition 3.6].
We start by defining the group ΛG(X, f) that will be the target group
of trG(X,f). We are interested in fixed point information, so only in ob-
jects (x : G/H → X) ∈ Π(G,X) with XH(f(x)) = XH(x). The splitting
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obtained in Theorem 4.9 can be written as
UZG(X, f)
∼=
⊕
x∈IsΠ(G,X),
XH (f(x))=XH (x)
K0(φx, w-endffRAut(x))⊕ other terms.
We design ΛG(X, f) in the same way. For objects x ∈ ObΠ(G,X) with
XH(f(x)) = XH(x), we always find morphisms w = (id, [v]) ∈ Mor(f(x), x),
and we restrict our attention to morphisms of that form.
Definition 5.1. For x ∈ ObΠ(G,X) with XH(f(x)) = XH(x) and a mor-
phism w = (id, [vx]) ∈ Mor(f(x), x), set
Zπ1
(
XH(x), x
)
φ′x,w
:= Zπ1
(
XH(x), x
)
/φx,w(γ)αγ
−1 ∼ α,
where α ∈ π1(X
H(x), x), γ ∈ Aut(x) and φx,w(γ) = wφ(γ)w
−1 ∈ Aut(x).
We have φx,w(γ)αγ
−1 ∈ π1(X
H(x), x) for all γ ∈ Aut(x) and α ∈ π1(X
H(x), x)
because the map φx,w does not change the WHx-part of the morphism γ
and π1(X
H(x), x) is normal.
We can move from one basepoint to another in the following way: For a
morphism (σ, [t]) ∈ MorΠ(G,X)(x(H), y(K)), where X
H(f(x)) = XH(x) and
XK(f(y)) = XK(y), we choose morphisms wx = (id, [vx]) ∈ Mor(f(x), x)
and wy = (id, [vy]) ∈Mor(f(y), y) and set
(σ, [t])∗wx,wy : Zπ1
(
XK(y), y
)
φ′y,wy
→ Zπ1
(
XH(x), x
)
φ′x,wx
α 7→ vxf(t
−1)σ∗(v−1y )σ
∗(α)t.
One easily checks that this map is well-defined. The next lemma shows
that the map (σ, [t])∗wx,wy does not depend on the choice of (σ, [t]) ∈ Mor(x, y).
Lemma 5.2. For α ∈ π1(X
K(y), y)φ′y,wy we have
(σ, [t])∗wx,wy(α) = (τ, [s])
∗
wx,wy(α) ∈ Zπ1
(
XH(x), x
)
φ′x,wx
for all morphisms (σ, [t]), (τ, [s]) ∈ Mor(x, y).
Proof. For all γ = (σγ , [vγ ]) ∈ Aut(x), we have
(σ, [t])∗wy ,wx(α) = vxf(γ)v
−1
x (σ, [t])∗wx,wy(α)γ
−1
= vxσ
−1
γ
∗
f(vγt−1)σ
−1
γ
∗
σ∗(v−1y )σ
−1
γ
∗
σ∗(α)σ−1γ
∗
(tv−1γ ).
Setting σγ = τ
−1σ and vγ = (τ
−1σ)∗(s−1)t, we obtain
(σ, [t])∗wy ,wx(α) = vxf(s
−1)τ∗(v−1y )τ∗(α)s = (τ, [s])
∗
wx,wy(α). 
We can use these maps to change the morphism w and the base point x,
so the definition is independent of the choices of x and w. We write (σ, [t])∗
from now on.
Definition 5.3.
ΛG(X, f) :=
⊕
x∈IsΠ(G,X),
XH (f(x))=XH(x)
Zπ1(X
H(x), x)φ′x,w .
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A trace map from K0
(
φx,w-endfpZAut(x)
)
to Zπ1(XH(x), x)φ′x,w will now
be defined. (The index fp stands for finitely generated projective modules.)
Aut(x) is a group extension 1 → π1
(
XH(x), x
)
→ Aut(x) → WHx → 1,
where WHx ≤WH is the subgroup fixing X
H(x). There is a commutative
diagram
1 // π1
(
XH(x), x
)
//
φx,w
∣∣
pi1(X
H (x),x)

Aut(x) //
φx,w

WHx //
id

1
1 // π1
(
XH(x), x
)
// Aut(x) // WHx // 1.
We combine the trace maps trRG : RG → R,
∑
g∈G rg · g 7→ r1 [LR03, 1.1
and 1.2], applied to the WHx-part, and tr(Zπ,φ) : Zπ → Zπφ,
∑
γ∈π nγ · γ 7→∑
γ∈π nγ · γ [Lu¨c99, 3.6], applied to the π1(X
H(x), x)-part.
We formulate the definition of the trace map independently of the concrete
group Aut(x) which is given to us geometrically.
Definition 5.4. Let π and W be discrete groups, and let G be a group
extension 1→ π → G→W → 1. Let an endomorphism φ : G→ G be given
that restricts to an endomorphism φπ : π → π and becomes trivial when the
normal subgroup π ≤ G is divided out. For R be a commutative associative
ring with unit, define Rπφ′ := Rπ/ ∼, where φ(γ)αγ ∼ α for α ∈ π and
γ ∈ G.
Let φ-endfpRG denote the category of φ-twisted endomorphisms of finitely
generated projective RG-modules. We define the trace map
trRG : Ob(φ-endfpRG)→ Rπφ′
as follows: On RG, we set trRG : RG → Rπφ′ ,
∑
g∈G rg · g 7→
∑
g∈π rg · g,
where · : π → πφ′ , g 7→ g denotes the projection. Given a φ-twisted endo-
morphism u : P → resφ P of a finitely generated projective RG-module,
we choose a finitely generated projective RG-module Q and an isomor-
phism v : P ⊕ Q
∼
−→
⊕
i∈I RG for a finite indexing set I. Then we have a
φ-twisted endomorphism φ∗(v)◦(u⊕0)◦v−1 :
⊕
i∈I RG→ resφ
(⊕
i∈I RG
)
,
to which a matrix A = (aij)i,j∈I is associated. We define
trRG(u) :=
∑
i∈I
trRG(aii) ∈ Rπφ′ .
Note that α ∈ π implies that φ(γ)αγ−1 ∈ π since prW (φ(γ)αγ
−1) =
idW (prW (γ)) prW (α) prW (γ
−1) = 1W , so Rπφ′ is well defined. As usual, the
definition of the trace map is independent of the choices involved. This trace
map has properties generalizing [LR03, Lemma 1.3]:
Lemma 5.5. Let G be a discrete group extension 1 → π → G → W → 1
with endomorphism φ : G→ G which restricts to π and such that φW = idW .
(1) Let u : P → Q and v : Q→ resφ P be RG-maps of finitely generated
projective RG-modules. Then trRG(v ◦ u) = trRG
(
resφ(u) ◦ v
)
.
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(2) Let P1, P2 be finitely generated projective RG-modules. Given a φ-
twisted endomorphism A =
(
u11 u12
u21 u22
)
: P1 ⊕ P2 → P1 ⊕ P2 we
have trRG(A) = trRG(u11) + trRG(u22).
(3) Let u1, u2 : P → resφ P be φ-twisted endomorphisms of a finitely
generated projective RG-module P and let r1, r2 ∈ R. Then
trRG(r1 · u1 + r2 · u2) = r1 trRG(u1) + r2 trRG(u2).
(4) Let α : G → K be a homomorphism of discrete group extensions
with endomorphisms as in Definition 5.4 with αW injective, lying in
a commutative diagram
1 // π //
αpi

G //
α

W //
αW

1
1 // K1 // K // K2 // 1.
Let u : P → resφG P be a φG-twisted endomorphism of a finitely
generated projective RG-module P . Then induction with α yields
a φK-twisted endomorphism α∗u of a finitely generated projective
RK-module and
trRK(α∗u) = α
′
∗ trRG(u),
where α′∗ : Rπφ′G → R(K1)φ′K is induced by απ.
(5) Let α : H → G be an inclusion of discrete group extensions with
endomorphisms as in Definition 5.4 with finite index [G : H], lying
in a commutative diagram
1 // π //
id

H //
α

H2 //
αH2

1
1 // π // G // W // 1.
Let u : P → resφG P be a φG-twisted endomorphism of a finitely gen-
erated projective RG-module P . Then the restriction to RH with α
yields a φH -twisted endomorphism α
∗u of a finitely generated pro-
jective RH-module and
id∗ trRH(α
∗u) = [G : H] · trRG(u),
where id∗ : Rπφ′H → Rπφ′G denotes the projection.
(6) Let the subgroup H ≤ G be finite such that |H| is invertible in R. Let
u : R[G/H]→ resφR[G/H] be a φ-twisted endomorphism that sends
1H to
∑
gH∈G/H rgH · gH. Then R[G/H] is a finitely generated
projective RG-module and trRG(u) = |H|
−1
∑
g∈π rgH · g ∈ Rπφ′ . In
particular, trRG
(
idR[G/H]
)
= |H|−1 ·
(∑
g∈π 1 · g
)
∈ Rπφ′ .
Proof. Check (1) by calculation, using the fact that for g, g′ ∈ G we have
gg′ ∈ U ⇔ φ(g′)g ∈ U. Assertions (2) and (3) are clear by definition,
and (4) and (5) are again checked by calculation. In (6), we are given
u : 1H 7→
∑
gH∈G/H rgH · gH = |H|
−1
(∑
g∈G rgH · g
)
H. So trRG(u) =
|H|−1 trRG
(∑
g∈G rgH · g
)
= |H|−1
∑
g∈π rgH · g. 
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By assertions 1 and 2 of Lemma 5.5, the trace map trRG is compatible
with the relations defining K0(φ-endfpRG). So we can use its value on any
representative and define
trRG : K0(φ-endfpRG)→ Rπφ′ , [u] 7→ trRG(u).
Remark 5.6. The trace map trRG can be seen as a variation of a trace map
between K-theory and Hochschild homology with coefficients in the bimod-
ule Mφ = RG(φ(?), ??). There is a trace map tr(K→HH) : K(RG;Mφ) →
HH(RG;Mφ). One has HH0(RG;Mφ) ∼= RGφ, where we define RGφ :=
RG/φ(γ)βγ−1 ∼ β for γ, β ∈ G. We have an inclusion Rπ → RG of group
rings. This inclusion is respected by the G-action given by twisted conju-
gation since β ∈ π implies prW (φ(γ)βγ
−1) = prW (γ) · 1 · prW (γ
−1) = 1, so
φ(γ)βγ−1 ∈ π for all γ ∈ G. It induces an inclusion Rπφ′ → RGφ as a direct
summand. Denoting the restriction to this summand by rπ, one can check
that trRG = rπ ◦ tr(K→HH)0.
We could now return to our original setting, but we keep the more general
formulation to make a few observations that will be useful later on.
Let G be a discrete group extension with endomorphism φ and let (X,A)
be a finite proper relative G-CW-complex. Let R be a commutative ring
such that the order of the isotropy group |Gx| is invertible in R for every
x ∈ X\A. Then the cellular RG-chain-complex Cc(X,A) is finite projective.
Let (f, f0) : (X,A) → (X,A) be a φ-twisted cellular endomorphism. This
induces Cc(f, f0) : C
c(X,A)→ resφC
c(X,A), a φ-twisted endomorphism of
the cellular chain complex.
Definition 5.7. With notation as above, we define the refined equivariant
Lefschetz number of (f, f0) to be
LRG(f, f0) :=
∑
p≥0
(−1)p trRG
(
Ccp(f, f0)
)
∈ Rπφ′ .
This generalizes the orbifold Lefschetz number [LR03, Definition 1.4].
Writing
[
Cc(f, f0)
]
:=
∑
p≥0(−1)
p
[
Ccp(f, f0)
]
∈ K0(φ-endfpRG), this defini-
tion becomes LRG(f, f0) := trRG
(
[Cc(f, f0)]
)
∈ Rπφ′ .
We also have a refinement of the incidence number [LR03, 1.8].
Definition 5.8. Let G be a discrete group extension with endomorphism φ,
let (X,A) be a finite proper relative G-CW-complex, let e ∈ Ip(X,A) be a p-
cell and let (f, f0) : (X,A)→ (X,A) be a φ-twisted cellular endomorphism.
We define the refined incidence number incφ(f, e) ∈ Zπφ′ for a p-cell e ∈
Ip(X,A) to be the “degree” of the composition
e/∂e
ie−→
∨
e′∈Ip(X,A)
e′/∂e′
h∼
−−→ Xp/Xp−1
f
−→ Xp/Xp−1
h−1∼
−−−→
∨
e′∈Ip(X,A)
e′/∂e′
prpi·e/∂e
−−−−−→ π · e/∂e
·
−→ πφ′ · e/∂e.
We have incφ(f, e) = incφ(f, ge) for all g ∈ G, this is ensured by us-
ing Rπφ′ . We have the equation incφ(f, e) =
∑
α∈π inc(α
−1f, e) · α, where
the incidence number [LR03, 1.8] appears on the right hand side.
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Let e ∈ Ip(X,A) be a p-cell. Then C
c(X,A)e is the chain complex con-
centrated in degree p with Ccp(X,A)e = R[G/Ge]. If
Ccp(f, f0)|e =
∑
gGe∈G/Ge
rgGe · gGe : R[G/Ge]→ resφR[G/Ge],
then incφ(f, e) =
∑
g∈π rgGe · g, and by assertion 5 of Lemma 5.5 we have
trRG
(
Ccp(f, f0)|e
)
= |Ge|
−1
∑
g∈π
rgGe · g = |Ge|
−1 incφ(f, e).
This observation helps us prove the following result.
Lemma 5.9. Let G be a discrete group extension with endomorphism φ.
Let (X,A) be a finite proper relative G-CW-complex. Let R be a commu-
tative ring such that the order of the isotropy group |Gx| is invertible in R
for every x ∈ X \ A. Let (f, f0) : (X,A) → (X,A) be a φ-twisted cellular
endomorphism. Then
LRG(f, f0) =
∑
p≥0
(−1)p
∑
G·e∈G\Ip(X,A)
|Ge|
−1 · incφ(f, e) ∈ Rπφ′ .
Proof. We calculate
LRG(f, f0) =
∑
p≥0
(−1)p
∑
G·e∈G\Ip(X,A)
trRG
(
Ccp(f, f0)|e
)
=
∑
p≥0
(−1)p
∑
G·e∈G\Ip(X,A)
|Ge|
−1 · incφ(f, e). 
We now return to the original setting. For any x in Π(G,X) for which
XH(f(x)) = XH(x), the group Aut(x) is a discrete group extension 1 →
π1(X
H(x), x) → Aut(x) → WHx → 1 with endomorphism φx,w which re-
stricts to π1(X
H(x), x) as (φx,w)π1(XH (x),x) = cw ◦ π1(f
H(x), x) and such
that (φx,w)W = idWHx : WHx → WHx. We set
trG(X,f)x := trZAut(x) : K0(φx,w-endfpZAut(x))→ Zπ1
(
XH(x), x
)
φ′x,w
.
This definition is independent of the choice of the element x ∈ x and the
morphism w. The reason is that on the domain as well as on the target
space we use morphisms to pass from one choice to another and that these
constructions are compatible with the trace map.
Definition 5.10. Let G be a discrete group, X a finite proper G-CW-
complex and f : X → X a G-equivariant endomorphism. We define
trG(X,f) :=
⊕
x∈Is Π(G,X),
XH (f(x))=XH (x)
trG(X,f)x ⊕ 0: U
Z
G(X, f)→ ΛG(X, f).
The groups ΛG(X, f) combine to form a family of functors we want.
Lemma 5.11. The groups ΛG(X, f) are naturally endowed with the struc-
ture of a family of functors ΛG from End(G-CWfp) to Ab, for discrete groups
G, which is compatible with the induction structure.
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Proof. Let l : (X, f) → (Y, g) be a G-equivariant map between G-CW-
complexes with endomorphisms. The map l induces a functor Π(G, l) and
a group homomorphism ℓx := Π(G, l)|Aut(x) : Aut(x)→ Aut(l(x)) for every
x ∈ Π(G,X). We have a map ℓx
∣∣
π1
(
XH (x),x
) = π1(l|XH (x), x) which induces
a map (ℓ′x)∗ : Zπ1(X
H(x), x)φ′x → Zπ1(Y
H(l(x)), l(x))φ′
l(x)
. We set
ΛG(l)x := (ℓ
′
x)∗ : Zπ1
(
XH(x), x
)
φ′x
→ Zπ1
(
Y H(l(x)), l(x)
)
φ′
l(x)∑
g∈π1(XH (x),x)φ′x
rg · g 7→
∑
g∈π1(XH (x),x)φ′x
rg · π1(l|XH (x), x)(g).
These maps combine to define ΛG(l) : ΛG(X, f)→ ΛG(Y, g).
Given an inclusion α : G → K, the map α|π1(XH (x),x)φ′
G
induces a map
α′∗ : Zπ1(X
H(x), x)φ′G → Zπ1((indαX)
H(indα x), indα x)φ′K . We set Λ(α)x =
α′∗ and obtain α∗ = Λ(α) : ΛG(X, f) → ΛK(indαX, indα f). So Λ is also
compatible with the induction structure. 
The maps trG(X,f) respect all structure.
Proposition 5.12. The collection of maps trG(X,f) is a natural transfor-
mation of families of functors from End(G-CWfp) to Ab, for discrete groups
G.
Proof. Let l : (X, f) → (Y, g) be a G-equivariant map between G-CW-
complexes with endomorphisms. Then ℓx := Π(G, l)|Aut(x) : Aut(x) →
Aut(a(x)) lies in the commutative diagram
1 // π1
(
XH(x), x
)
//
π1(l|XH (x),x)

Aut(x) //
ℓx

WHx //
ℓx=incl

1
1 // π1
(
Y H(l(x)), l(x)
)
// Aut
(
l(x)
)
// WHl(x) // 1.
The map ℓx : WHx → WHl(x) is an inclusion since the elements in WH
which fix the connected component XH(x) also fix the connected compo-
nent Y H(l(x)), by equivariance and continuity of l. We apply Lemma 5.5,
assertion 4 to obtain for all u ∈ φx,w-endfpZAut(x)
trZAut(l(x))(ℓx)∗(u) = (ℓ
′
x)∗ trZAut(x)(u).
Taking all induction maps K0((ℓx)∗) : U
Z
G(X, f)x → U
Z
G(Y, g)l(x) together
gives UZG(l) = K0(Π(G, l)∗) : U
Z
G(X, f) → U
Z
G(Y, g). Combining the above
equation for all x ∈ IsΠ(G,X), we arrive at
trG(Y,g) ◦U
Z
G(l)(u) = ΛG(l) ◦ trG(X,f)(u)
for all u ∈ UZG(X, f). So the trace map trG(X,f) is a natural transformation
of functors from End(G-CWfp) to Ab.
It remains to show compatibility with the induction structure. Given
an inclusion α : G → K, the functor Π(indα) : Π(G,X) → Π(K, indαX)
induces a group homomorphism α∗ : U
Z
G(X, f) → U
Z
K(indαX, indα f). Let
x : G/H → X be given with XH(f(x)) = XH(x). We set WGH := NGH/H
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and WKH = NKH/H. The map α : G → K is injective, and so WGH →
WKH is injective. If an element of WGH fixes the component X
H(x),
then its image fixes (indαX)
H (indα x). This implies that α|NGH : NGH →
NKH is injective. So Π(indα)|WGHx : WGHx → WKHindα(x), induced by
Π(indα)|Aut(x), is also injective.
We apply assertion 4 of Lemma 5.5 to obtain trZK α∗u = α
′
∗ trZG u
for u ∈ φG-endfpRG, where the map α|π1(XH (x),x)φ′
G
induces the homomor-
phism α′∗ : Zπ1(X
H(x), x)φ′G → Zπ1((indαX)
H(indα x), indα x)φ′K . Since
Λ(α)x is defined to be α
′
∗, these combine to form the map α∗ : ΛG(X, f) →
ΛK(indαX, indα f) such that the desired equation trK(indαX,indα f) α∗ =
α∗ trG(X,f) holds on U
Z
G(X, f). 
Now we define the invariant which contains the fixed point information
we are interested in.
Definition 5.13. Let G be a discrete group, let X be a finite proper G-
CW-complex, and let f : X → X be a G-equivariant cellular endomorphism.
We define the generalized equivariant Lefschetz invariant of f by
λG(f) := trG(X,f)
(
uZG(X, f)
)
∈ ΛG(X, f).
By Proposition 5.12, the collection of the trG(X,f) is a natural transfor-
mation from (UZ, uZ) to (Λ, λ). The pair (Λ, λ) inherits all structure from
(UZ, uZ): It is also a functorial equivariant Lefschetz invariant on the family
of categories G-CWfp for discrete groups G.
Theorem 5.14. The pair (Λ, λ) is a functorial equivariant Lefschetz invari-
ant on the family of categories G-CWfp for discrete groups G.
Proof. The natural transformation trG(X,f) : U
Z
G(X, f) → ΛG(X, f) maps
uZG(X, f) to λG(X, f). So
(
ΛG(X, f), λG(X, f)
)
is a functorial equivariant
Lefschetz invariant. 
It therefore has all properties stated in Definition 2.3. Since we can define
the universal functorial equivariant Lefschetz invariant for any G-equivariant
continuous map f : X → X, the same is true for the generalized equivariant
Lefschetz invariant.
We can describe the invariant λG(f) in a more concrete way. We see
that trG(X,f)
(
uZG(X, f)
)
=
∑
x∈IsΠ(G,X),
XH (f(x))=XH(x)
LZAut(x)
(
f˜H(x), ˜f>H(x)
)
. We
can use Z because Aut(x) operates freely on X˜H(x) \ X˜>H(x).
Remark 5.15. One can obtain any functorial equivariant Lefschetz invari-
ant by applying a suitable natural transformation to (UZG, u
Z
G). For example,
the equivariant analog of the Lefschetz number is the equivariant Lefschetz
class [LR03, Definition 3.6]. The natural transformation mapping the uni-
versal functorial equivariant Lefschetz invariant to the equivariant Lefschetz
class is given by the trace map trG(X,f) followed by an augmentation map
sG(X,f) induced by the projection π1(X
H(x), x)φ′x → {1}, just like in the
non-equivariant case.
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6. The Refined Equivariant Lefschetz Fixed Point Theorem
In this section, we introduce the generalized local equivariant Lefschetz
class λlocG (f) in terms of fixed point data. It is a refinement of the local equi-
variant Lefschetz class [LR03, Definition 4.6]. We prove Theorem 0.2 which
states that λG(f) = λ
loc
G (f) under quite general conditions. So λ
loc
G (f) gives
a concrete geometric description of the fixed point information contained
in λG(f).
We briefly assemble the necessary notation. For a space X with action
of a discrete group G, we set UG(X) :=
⊕
x∈Is Π(G,X) Z. Let K be a finite
group. The Burnside ring A(K) of K is defined to be the Grothendieck ring
of finite K-sets S with the additive structure induced by disjoint union and
the multiplicative structure induced by the Cartesian product. Additively,
A(K) = UK(pt) :=
⊕
(H)∈consub(K) Z.
Let Z be a finiteK-CW-complex and let ψ : Z → Z be aK-equivariant en-
domorphism. Then the equivariant Lefschetz class with values in the Burn-
side ring of ψ is defined to be
ΛK0 (ψ) :=
∑
(H)∈consub(K)
LZWH(ψH , ψ>H) · [K/H] ∈ A(K) = UK(∗).
We call the injective ring homomorphism
chK0 : A(K)→
⊕
(H)∈consub(K)
Z, S 7→ {|SH |}(H)∈consub(K)
the character map. Let V be a finite-dimensional K-representation and let
ψ : V c → V c be a K-endomorphism of the one-point compactification V c.
Define the equivariant degree of ψ to be
DegK0 (ψ) :=
(
ΛK0 (ψ)− 1
)(
ΛK0 (idV c)− 1
)
∈ A(K) = UK(∗).
Let G be a discrete group, X a G-space and f : X → X an equivariant
endomorphism. Let x ∈ X be a fixed point of f . We define
ΛG(x, f) : U
G(G/Gx) → ΛG(X, f)
1 · [τ : G/L→ G/Gx] 7→ 1x◦τ · [x ◦ τ : G/L→ X],
with 1x◦τ ∈ Zπ1(XL(x ◦ τ), x ◦ τ)φ′x◦τ,cst . Choosing z
∼= x ◦ τ : G/L → X as
a fixed representative of the isomorphism class, this is
ΛG(x, f) : U
G(G/Gx)→ ΛG(X, f), 1 · [τ : G/L→ G/Gx] 7→ αx◦τ · [z],
where αx◦τ = (σ, [t])
∗
w,cst(1x◦τ ) = vf(t
−1)σ∗(1x◦τ )t = vf(t−1)t for an iso-
morphism (σ, [t]) ∈ Mor(z, x ◦ τ) and w = (id, [v]) ∈ Mor(f(z), z).
Definition 6.1. Let G be a discrete group, let M be a cocompact smooth
proper G-manifold and let f : M → M be a G-equivariant endomorphism
such that Fix(f) ∩ ∂M = ∅ and such that for every x ∈ Fix(f) the deter-
minant of the map (idTxM −Txf) is different from zero. Then G \ Fix(f) is
finite. We define the generalized local equivariant Lefschetz class to be
λlocG (f) :=
∑
Gx∈G\Fix(f)
ΛG(x, f) ◦ indGx⊆G
(
DegGx0
(
(idTxM −Txf)
c
))
.
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Definition 6.2. We define the character map chG(X, f) by
ΛG(X, f) →
⊕
y∈Is Π(G,X)
Qπ1(X
K(y), y)φ′y,w
(∑
α
nα · α
)
· x 7→
∑
y
∑
Aut(y)·(σ,[t])∈
Aut(y)\Mor(y,x)
∣∣(Aut(y))
(σ,[t])
∣∣−1(σ, [t])∗(∑
α
nα · α
)
.
This character map is a generalization of [LR03, Definition 5.1].
Lemma 6.3. The character map chG(X, f) is injective.
Proof. Let u =
∑k
i=1 ai · xi ∈ ΛG(X, f), where ai ∈ ΛG(X, f)xi , with
chG(X, f)(u) = 0. Let the xi be ordered in accordance with the partial
ordering on Π(G,X) given by x ≤ y ⇔ Mor(x, y) 6= 0, so xi ≤ xj ⇒ i ≤ j.
Suppose without loss of generality that ak 6= 0. If chG(X, f)(xi)xk 6= 0,
then Mor(xk, xi) 6= 0, which implies xk ≤ xi and thus xk = xi. Since
chG(X, f)(ak · xk)xk = ak, we obtain 0 = ch
G(X, f)(u) = ak, a contradic-
tion. 
We now calculate the value of chG(X, f) on the generalized equivari-
ant Lefschetz invariant λG(f) and on the generalized local Lefschetz class
λlocG (f), in analogy to [LR03, Lemma 5.4 and Lemma 5.9]. Using Theo-
rem 6.6, these values will turn out to be equal, proving Theorem 0.2.
Lemma 6.4. Let f : X → X be a G-equivariant endomorphism of a fi-
nite proper G-CW-complex X. Let y be an isomorphism class of objects
y : G/K → X in Π(G,X). Then
chG(X, f)
(
λG(f)
)
y
= LQAut(y)
(
f˜K(y)
)
.
Proof. We first consider the case XK(f(y)) = XK(y). We write the p-
skeleton Xp as a pushout and call xp,i : G/Hi → X for 0 ≤ i ≤ np the
centers of the equivariant p-cells.
The G-CW-structure on X induces an Aut(y)-CW-structure on X˜K(y).
We obtain a pushout diagram of Aut(y)-spaces∐np
i=1Mor(y, xp,i)× S
p−1 //

˜XK(y)p−1
∐np
i=1Mor(y, xp,i)×D
p // X˜K(y)p
(If p−1 ≤ 1, we use the cover corresponding to π1(X
K(y), y).) We denote the
p-cells of X˜K(y) by e(σ,[t]),p,i := (σ, [t]) × D˚
p, where (σ, [t]) ∈ Mor(y, xp,i).
The Aut(y)-orbit of the cell e(σ,[t]),p,i corresponds to the Aut(y)-orbit of
(σ, [t]), so we conclude from Lemma 5.9 that
LQAut(y)
(
f˜K(y)
)
=
∑
p≥0
(−1)p
np∑
i=1
∑
Aut(y)·(σ,[t])∈
Aut(y)\Mor(y,xp,i)
∣∣Aut(y)(σ,[t])∣∣−1 · incφy,w(f˜K(y), e(σ,[t]),p,i).
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Analogously, we have for any x : G/H → X a pushout diagram∐np
i=1Mor(x, xp,i)× S
p−1 //

˜XH(x)p−1 ∪X>H(x)
∐np
i=1Mor(x, xp,i)×D
p // ˜XH(x)p ∪X>H(x).
Lemma 5.9 yields
LZAut(x)
(
f˜H(x), ˜f>H(x)
)
=
∑
p≥0
(−1)p
np∑
i=1
xp,i=x
(τ, [s])∗ incφxp,i,cst
( ˜fH(xp,i), ep,i),
for (τ, [s]) ∈ Mor(x, xp,i) any morphism. Inserting this formula into the
definition of chG(X, f)
(
λG(f)
)
y
proves the claim.
Now we consider the case that XK(f(y)) 6= XK(y). This implies that
XH(f(x)) 6= XH(x) for all x with Mor(y, x) 6= ∅, so λG(f)x = 0 for all x
with Mor(y, x) 6= ∅. Therefore chG(X, f)(λG(f))y = 0. 
Lemma 6.5. Let G be a discrete group and let M be a cocompact smooth
proper G-manifold. Let f : M → M be a smooth G-equivariant map. Sup-
pose that Fix(f) ∩ ∂M = ∅ and that for any x ∈ Fix(f) the determinant
det(idTxM −Txf) is different from zero. Then the set G\Fix(f) is finite. Let
y : G/K → M be an object in Π(G,M). Then the set WKy \ Fix
(
f |MK(y)
)
is finite and we get
chG(M,f)
(
λlocG (f)
)
y
=
∑
WKy ·x∈
WKy\Fix(f |MK (y)
)
|(WKy)x|
−1 deg
((
idTxMK(y)−Tx(f |MK(y))
)c)
· αx,
where αx = vf(t−1)t ∈ π1(X
K(y), y)φ′ for (σ, [t]) ∈ Mor(y, x) and w =
(id, [v]) ∈ Mor(f(y), y).
Proof. The set G\Fix(f) is finite sinceM is cocompact and the fixed points
are isolated. Analogously, G \ GMK(y) = WKy \M
K(y) is compact with
isolated fixed points, so WKy \ Fix(f |MK(y)) is finite. Let x : G/Gx → M
be a fixed point of f .
We first show that for each u ∈ UGx(∗) we have
chG(M,f)yΛG(x, f) indGx⊆G(u)=
∑
Aut(y)·(σ,[t])∈
Aut(y)\Mor(y,x)
∣∣Aut(y)(σ,[t])∣∣−1(σ, [t])∗1x chGx0 (u)(Kσ)
where 1x ∈ Zπ1(XGx(x), x)φx,cst . Here (Kσ) = (g
−1
σ Kgσ) ∈ consub(Gx) for
σ : G/K → G/Gx, gK 7→ ggσGx. Let u = [Gx/L] ∈ U
Gx(∗) be a basis
element and pr: G/L→ G/Gx the projection. Then
chG(M,f)yΛG(x, f) indGx⊆G
(
[Gx/L]
)
=
∑
Aut(y)·(τ,[t])∈
Aut(y)\Mor(y,x◦pr)
∣∣Aut(y)(τ,[t])∣∣−1(τ, [t])∗1x◦pr
where 1x◦pr ∈ Zπ1(XL(x ◦ pr), x ◦ pr)φx◦pr,cst .
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Defining q : Mor(y, x ◦ pr)→ Mor(y, x), (τ, [t]) 7→ (pr ◦τ, [t]) we have
Mor(y, x ◦ pr) =
∐
(σ,[t])∈
Mor(y,x)
q−1(σ, [t]) =
∐
Aut(y)·(σ,[t])∈
Aut(y)\Mor(y,x)
Aut(y)×Aut(y)(σ,[t]) q
−1(σ, [t]).
The Aut(y)(σ,[t])-set q
−1(σ, [t]) =
∐
i∈I(σ,[t])Aut(y)(σ,[t])/Ai is a finite disjoint
union of orbits, thus we have a bijection of Aut(y)-sets
Mor(y, x ◦ pr) =
∐
Aut(y)·(σ,[t])∈
Aut(y)\Mor(y,x)
∐
i∈I(σ,[t])
Aut(y)/Ai.
We know for (τ, [t]) ∈ Mor(y, x◦pr) that (τ, [t])∗1x◦pr = vf(t−1)t = (pr ◦τ, [t])
∗1x.
An orbit Aut(y)/Ai corresponds to exactly one orbit Aut(y) · (τ, [t]), where
i ∈ I(pr ◦τ, [t]), so |Aut(y)(τ,[t])| = |Ai|, hence∑
Aut(y)·(τ,[t])∈
Aut(y)\Mor(y,x◦pr)
∣∣Aut(y)(τ,[t])∣∣−1(τ, [t])∗1x◦pr = ∑
Aut(y)·(σ,[t])∈
Aut(y)\Mor(y,x)
∑
i∈I(σ,[t])
|Ai|
−1(σ, [t])∗1x.
We have
∣∣q−1(σ, [t])∣∣ = ∣∣Aut(y)(σ,[t])∣∣ ·∑i∈I(σ,[t]) |Ai|−1. Since q does not
change the [t]-part, as in [LR03, Lemma 5.9, Equation 5.14] we have
∣∣q−1(σ, [t])∣∣ =∣∣Gx/Lg−1σ Kgσ ∣∣ = chGx0 ([Gx/L])(Kσ).
Inserting these equations into the above formula, we obtain the desired
equation for all [Gx/L] ∈ U
Gx(∗), thus for all u ∈ UGx(∗).
We know [LR03, Equations 5.16 and 5.17]
chGx0
(
DegGx0
(
(idTxM −Txf)
c
))
(Kσ)
= deg
((
idTgσxMK(y)−Tgσx(f |MK(y))
)c)
.
We have
∐
G\Fix(f) Aut(y) \Mor(y, x)
∼= WKy \ Fix
(
f |MK(y)
)
. Under this
bijection, Aut(y) ·(σ, [t]) 7→WKy ·t(0), where t(0) = x◦σ(1K) = x(gσGx) =
gσx(1Gx) = gσx for σ : G/K → G/Gx, gK 7→ ggσGx. Since |Aut(y)(σ,[t])| =
|(WKy)gσx|, inserting the above results into the formula for chG(M,f)
(
λlocG (f)
)
y
yields the claim. 
The final ingredient in the proof of the Theorem 0.2 is a refinement of the
orbifold Lefschetz fixed point theorem [LR03, Theorem 2.1].
Theorem 6.6. Let G be a discrete group extension 1 → π → G→ W → 1
with endomorphism φ : G→ G such that φW = idW . Let M be a connected
simply connected cocompact proper G-manifold such that π operates freely on
M , and let f : M → M be a smooth φ-twisted map. Denote by f : M → M
the W -equivariant map induced on the manifold M := π \M by dividing out
the π-action. Suppose that Fix(f) ∩ ∂M = ∅ and that for every x ∈ Fix(f)
the determinant of the map (idTxM −Txf) is different from zero. Then W \
Fix(f) is finite, and
LQG(f) =
∑
W ·x∈W\Fix(f)
|Wx|
−1 · deg
(
(idTxM −Txf)
c
)
· αx.
Here (idTxM −Txf)
c : (TxM)
c → (TxM)
c is an endomorphism of the one-
point compactification of TxM .
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Proof. The proof is analogous to the proof of the orbifold Lefschetz fixed
point theorem [LR03, Theorem 2.1]. We apply the construction from that
proof to the W -equivariant map f : M → M . We obtain a W -equivariant
map f ′ such that Fix(f) = Fix(f ′), the map f ′ is of the desired form around
the fixed points and agrees with f outside a neighborhood of the fixed points.
The desired form is that exp−1x,ε1 ◦f ◦ expx,ε2 and f
′ agree on DεTxM for
some ε > 0 and for all x ∈ Fix(f). Here expx,ε : DεTxM
∼
−→ Nx,ε denotes
the exponential map.
We lift this construction to M and the φ-twisted endomorphism f : M →
M by extending φ-twisted G-equivariantly: Let z be a lift of a fixed point x,
then f(z) = αz · z with αz ∈ π, and we set f
′|Uz := αz · ϕf
′ϕ−1 on a
neighborhood of z that is isomorphic to a neighborhood of x via the iso-
morphism ϕ : Uz
∼
−→ Ux coming from the covering map. Around another lift
β · z, we set f ′|Uβz := φ(β) · f
′|Uz · β
−1 on a neighborhood of βz. (Note that
αβz = φ(β) · αz · β
−1.) We obtain a φ-twisted map f ′ : M → M such that
Fix(f) = Fix(f ′), the map f ′ is of the desired form around the orbits of the
fixed points, and it agrees with f outside a neighborhood of the orbits of
the fixed points.
Analogously, we lift further constructions such as the W -equivariant tri-
angulations K ′(M), K ′′(M) and the W -homotopy h from f to h1. The
construction of K ′′(M ) can be done such that there is at most one fixed
point x of h1 in each e ∈ K
′′(M ). We denote h1 again by f . Then
incφ(f, e) =
{
inc(f , e) · αx if there is a fixed point x ∈ e
0 else.
Here for a basepoint y of M , a path v from y to f(y) and a morphism
(σ, [t]) : y → x from y to x we set αx := vf(t−1)t. The direction of v
corresponds to our usual convention that w = (id, [v]) ∈ Mor(f(y), y). Note
that αx does not depend on the choice of (σ, [t]) because of Lemma 5.2. We
see that |Ge| = |We| because π operates freely. So using the construction
of [LR03, proof of Theorem 2.1] applied to the W -equivariant map f , where
{x1, . . . , xk} is a complete set of representatives of W -orbits of fixed points
of f , we obtain
LQG(f) = LQG(h1) =
∑
p≥0
(−1)p
∑
G·e∈G\Ip(K ′′(M))
|Ge|
−1 incφ(f, e)
=
∑
p≥0
(−1)p
∑
W ·e∈W\Ip(K ′′(M ))
|We|
−1 inc(f, e) · αxe
=
k∑
i=1
|Wxi |
−1 deg
(
(id−Txif)
c
)
· αxi
=
∑
W ·x∈W\Fix(f)
|Wx|
−1 · deg
(
(id−Txf)
c
)
· αx. 
We have assembled all information necessary for the proof of the refined
equivariant Lefschetz fixed point theorem.
Theorem 0.2. Let G be a discrete group, let M be a cocompact proper
smooth G-manifold and let f : M → M be a G-equivariant endomorphism
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such that Fix(f) ∩ ∂M = ∅ and such that for every x ∈ Fix(f) the determi-
nant of the map (idTxM −Txf) is different from zero. Then
λG(f) = λ
loc
G (f).
Proof. Using Lemma 6.4, Theorem 6.6 and Lemma 6.5 we have
chG(M,f)
(
λG(f)
)
y
= LQAut(y)
(
f˜K(y)
)
=
∑
WKy ·x∈
WKy\Fix(f |MK(y)
)
∣∣(WKy)x∣∣−1 deg((idTxMK(y)−Tx(f |MK(y)))c) · αx
= chG(M,f)
(
λlocG (f)
)
y
for all y ∈ IsΠ(G,X). By injectivity of chG(M,f), shown in Lemma 6.3, we
obtain the refined equivariant Lefschetz fixed point theorem. 
From the fact that the units of the Burnside ring A(K) are only {1,−1}
if K is a finite group of odd order [tD79, Proposition 1.5.1], we obtain in
analogy to [LR03, Example 4.7] the following example.
Example 6.7. Let G be a discrete group and let M be a cocompact proper
smooth G-manifold. Suppose that all isotropy groups Gx of points x ∈ M
are of odd order. Let f : M →M be a smooth G-equivariant map such that
Fix(f)∩ ∂M = ∅ and such that for every x ∈ Fix(f) the determinant of the
map (idTxM −Txf) is different from zero. Then
λlocG (f) =
∑
Gx∈G\Fix(f)
det
(
1− Tx(f) : Tx(M)→ Tx(M)
)∣∣det(1− Tx(f) : Tx(M)→ Tx(M))∣∣ · αx,
where for an isomorphism (σ, [t]) ∈ Mor(z, x) and a path w = (id, [v]) ∈
Mor(f(z), z) we have αx = vf(t−1)t ∈ Zπ1(XGx(z), z)φ′ .
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